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Two new asymptotic stability criteria for linear time-invariant systems with
multiple delays are established by using a quadratic inequality lemma together with
frequency-domain techniques. One criterion is for delay-dependent -stability and
another is for delay-independent asymptotic stability. Each of them has only one
tuning parameter matrix P 0 as the Lyapunov-type stability criteria for the
corresponding linear time-invariant systems without delays do. Both of the estab-
lished stability criteria are given in the form of LMI problems and hence are very
easy to use in applications. In addition, it is remarked that the established
delay-independent asymptotic stability criterion with one tuning parameter matrix
P 0 improves and simplifies the existing criterion with more than one tuning
parameter matrix in the literature.  2000 Academic Press
1. INTRODUCTION
It is well known that all the frequency-domain approaches for stability
analysis of linear time-delay systems are based on the corresponding
transcendental characteristic equations and that the stability criteria estab-
lished by these approaches are generally suitable to linear time-invariant
systems with single or multiple constant delays. So far, most of the existing
stability criteria obtained by the frequency-domain approaches are either
conservative sufficient criteria that are easy to use in applications or the
necessary and sufficient criteria that are generally difficult to use in
 applications, see 110 . On the other hand, a lot of sufficient stability
criteria for linear time-delay systems have been established in the litera-
 ture via various approaches; see, for example, the recent results in 1116
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and references therein. Generally speaking, sufficient stability criteria
include some free tuning scalar andor matrix parameters. Therefore,
many researchers have been attracted by the numerical schemes for
determining these tuning parameters so that less conservative or optimal
 results can be obtained; see 1127 . However, a more meaningful work for
stability analysis of linear time-delay systems is to establish as least
conservative stability conditions as possible and at the same time to reduce
the number of tuning parameters as least as possible.
In this paper, two new asymptotic stability criteria for linear time-in-
variant systems with multiple delays are established by using a quadratic
inequality lemma together with frequency-domain techniques. One is for
delay-dependent -stability and another is for delay-independent asymp-
totic stability. Each of them has only one tuning parameter matrix P 0
as the Lyapunov-type stability criteria for the corresponding linear time-in-
variant systems without delays do. Both of the established stability criteria
are given in the form of LMI problems and hence are very easy to use in
applications. In addition, it is remarked that the established delay-indepen-
dent asymptotic stability criterion with one tuning parameter matrix P 0
improves and simplifies the existing criterion with more than one tuning
parameter matrix in the literature. The organization of this paper is as
follows. The problem description and preliminaries are given in Section 2,
the stability criteria and some remarks are given in Section 3, and finally,
the conclusion is provided in Section 4.
2. PROBLEM DESCRIPTION AND PRELIMINARIES
The notations used in this paper are as follows. Rn denotes the real
vector space of dimension n; Rnn denotes the real matrix space of
dimension n n; R denotes the nonnegative real numbers; C n denotes
Ž .the complex vector space of dimension n;   denotes any eigenvalue of a
matrix; AT denotes the transpose of A; A* denotes the conjugate trans-
Ž . Žpose of A; A 0 or  0 denotes a symmetric and positive definite or
.negative definite matrix; A B means that A B 0 is symmetric and
negative semi-definite; Re s denotes the real part of s C; Im s denotes
 the imaginary part of s C;  denotes the absolute value; I denotes then'n n identity matrix; and finally, j	  1 .
Consider the following linear time-invariant system with multiple delays,
r
x t 	 A x t  A x t  , t
 0, 1Ž . Ž . Ž . Ž .˙ Ý0 k k
k	1
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Ž . n nnwhere x t  R is the state vector in the usual sense, A  R fork
k	 0, 1, . . . , r are constant matrices, and   R for k	 1, 2, . . . , r arek 
unknown but constant delays.
 The following stability definitions will be used in this paper 27 .
Ž .DEFINITION 1. System 1 is said to be -stable locally in the delays if
there are positive   0 for k	 1, 2, . . . , r such that all the roots of thek M
characteristic equation
r
 skdet sI  A  e A 	 0 2Ž .Ýn 0 kž /
k	1
lie in the region of Re s 0 in the complex plane for arbitrary
 values of   0,  , k	 1, 2, . . . , r.k k M
Ž .DEFINITION 2. System 1 is said to be -stable independently of the
delays if for any positive   0, k	 1, 2, . . . , r, there is a sufficientlyk M
Ž .small positive number 	    0 such that all the roots of thek M
Ž .characteristic equation 2 lie in the region of Re s 0 in the
 .complex plane for arbitrary values of   0,  , k	 1, 2, . . . , r, wherek k M
 4 0 as    for any k 1, 2, . . . , r .k M
Ž . Ž . rRemark 1. Let 	  ,  , . . . ,  and R be the cross product of1 2 r 
R by itself r times. It is easy to see that Definition 1 means that there is
Ž . Ž . r Ž . ra closed neighbourhood D   R of  including the origin 0 R 
Ž . Ž .such that system 1 is -stable for arbitrary D  .˜
LEMMA 1. Let P 0 Rnn be a constant matrix, T  Rnn fork
k	 0, 1, . . . , r be symmetric constant matrices,  R and   0 for k M
k	 1, 2, . . . , r be constant real numbers. Then,
r
T   T 2P 3Ž .Ý0 k k
k	1
 holds for all    ,  , k	 1, 2, . . . , r, if and only ifk k M k M
r
T   T 2P 4aŽ .Ý0 k k
k	1
holds at all the 2 r ertices of the hyper-rectangle
T r   H 	      R    , , k	 1, 2, . . . , r .Ž . 41 2 r k k M k M
4bŽ .
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Proof. The necessity is obvious. Let us define a set
r
M	 H T   T 2P 5Ž .Ý0 k k½ 5
k	1
Ž .and let xM, yM, 0 	 1, and z	 1 	 x 	 y. Then,
r r r
T  z T 	 T  1 	 x T  	 y TŽ .Ý Ý Ý0 k k 0 k k k k
k	1 k	1 k	1
 T  1 	 T  2P  	 T  2PŽ . Ž . Ž .0 0 0
	2P , 6Ž .
i.e., zM. This shows that the set M is convex and compact. Therefore,
Ž . Ž .  condition 4 implies that condition 3 holds for all    ,  ,k k M k M
k	 1, 2, . . . , r. The sufficiency is proved.
LEMMA 2. For any constant matrix G Rn1n 2 ,
2 yTGz yTGS1 GT y zTSz , y Rn1 , z Rn2 7Ž .
n2n 2  holds for any constant matrix S 0 R 25 .
3. STABILITY CRITERIA
Ž .Two asymptotic stability criteria for system 1 are derived in this section
and both of them are given in the form of LMI problems including only
one tuning parameter matrix P 0 Rnn.
Ž .THEOREM 1. Let  0 and   0 for k	 1, 2, . . . , r. System 1 isk M
-stable locally in the delays if there is a constant matrix P 0 Rnn such
that
r
T   Tk MPA  A P  e PA  A P 2P ,Ž .Ý0 0 k k
k	1 m

m	 1, 2, . . . , 2 r , 8Ž .
 r  k M  Ž T . r rwhere Ý  e PA  A P for m	 1, 2, . . . , 2 denotes all 2k	1 k k m
possible cases of alternating sign.
 Proof. Let   0,  for k	 1, 2, . . . , r, s	  j C with k k M
R and  R,
r r
 s  k kW  , s 	 A  e A 	 A  cos   e AŽ . Ž .Ý Ýk 0 k 0 k k
k	1 k	1
r
 k j sin   e A , 9Ž . Ž .Ý k k
k	1
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Ž . n Ž . Ž Ž ..and y y  , s  C satisfy W  , s y	  W  , s y at s	 s	  j˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜k k k
 C, where
˜ ˜y* PW  , s W *  , s P yŽ . Ž .˜ ˜ ˜ ˜Ž .k k
	Re  W  , s 	Ž .˜ ˜Ž .k ˜2 y*Py˜ ˜
T r  ˜ j ˜ T j ˜k k k˜ ˜ ˜ ˜y* PA  A P yÝ e y* PA e  A Pe y˜ ˜ ˜ ˜ž / ž /0 0 k	1 k k
	 10Ž .
˜2 y*Py˜ ˜
and
˜ ˜y* PW  , s W *  , s P yŽ . Ž .˜ ˜ ˜ ˜Ž .k k
	 Im  W  , s 	 11Ž .Ž .˜ ˜Ž .k ˜j2 y*Py˜ ˜
˜ nn Ž .for any P 0 R . By Lemma 1, condition 8 implies
T r  k M   T * PA  A P  Ý e * PA  A P Ž . Ž .0 0 k	1 k k  12Ž .
2*P
n T nn Ž . Ž .for any   C so that PA  A P 0 R . By Eq. 10 and Eq. 12 ,0 0
Ž .it is easy to see that condition 8 implies
y* PA  AT P yÝr y* PA  AT P y˜ ˜ ˜ ˜Ž . Ž .0 0 k	1 k k
	Re  W 0, s 	  .Ž .Ž .˜ ˜
2 y*Py˜ ˜
13Ž .
Ž . Ž Ž ..Note that the root of Eq. 2 ,  W  , s 	 s	  j C, is continuous˜ ˜ ˜ ˜k
  Ž .in   R for k	 1, 2, . . . , r 8, 9 so does the corresponding y y  , s˜ ˜ ˜k  k
n Ž . Ž  C . If there is a root of Eq. 2 , s	  j C with   0,  for˜ ˜ ˜ k k M
k	 1, 2, . . . , r such that
T r  ˜ Tky* PA  A P yÝ e y* PA  A P y˜ ˜ ˜ ˜Ž . Ž .0 0 k	1 k k 	 14Ž .
2 y*Py˜ ˜
then there are three possible cases:
Ž .  4i if    for some k 1, 2, . . . , r or for all k	 1, 2, . . . , r, thenk k M
Ž . Ž .by Lemma 1, condition 8 , and Eq. 12 , one must have  , i.e.,˜
	Re  W  , sŽ .˜ ˜Ž .k
T r  ˜ j ˜ T j ˜k k ky* PA  A P yÝ e y* PA e  A Pe y˜ ˜ ˜ ˜Ž . Ž .0 0 k	1 k k	  ;
2 y*Py˜ ˜
15Ž .
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Ž .ii if  	  for all k	 1, 2, . . . , r, then by Lemma 1, conditionk k M
Ž . Ž .8 , and Eq. 12 , one must have 	 , i.e.,˜
	Re  W  , sŽ .˜ ˜Ž .k M
T r  ˜ j ˜ T j ˜k M k M k My* PA  A P yÝ e y* PA e  A Pe y˜ ˜ ˜ ˜Ž . Ž .0 0 k	1 k k	 	 ;
2 y*Py˜ ˜
16Ž .
Ž .iii if 	 0 and  	  for all k	 1, 2, . . . , r, then by Lemma 1,˜ k k M
Ž . Ž . Ž . Ž .condition 8 , Eq. 10 , and Eq. 12 , Eq. 2 must have a negative real root
at s	 , i.e.,
r
 k Mdet  I  A  e A 	 0. 17Ž .Ýn 0 kž /
k	1
Ž . Ž .Therefore, condition 8 implies that there are no roots of Eq. 2 that lie
in the region of Re s in the complex plane for arbitrary values of
   0,  , k	 1, 2, . . . , r. The proof of this theorem is completed.k k M
Ž .THEOREM 2. System 1 is -stable independently of the delays if there is a
constant matrix P 0 Rnn such that
r
T T rPA  A P  PA  A P  0, 
m	 1, 2, . . . , 2 , 18Ž .Ž .Ý0 0 k k
k	1 m
 r Ž T . r rwhere Ý  PA  A P for m	 1, 2, . . . , 2 denotes all 2 possiblek	1 k k m
cases of alternating sign.
Proof. Since the eigenvalues of a matrix depend continuously on its
Ž .elements, condition 18 implies that for any positive   0, k	k M
1, 2, . . . , r, there is a sufficiently small number of  0 such that
r
T   Tk MPA  A P  e PA  A P 2P ,Ž .Ý0 0 k k
k	1 m

m	 1, 2, . . . , 2 r . 19Ž .
Ž .By Lemma 1 and Theorem 1, it is easy to see that all the roots of Eq. 2
lie in the region of Re s 0 in the complex plane for arbitrary
 . Ž .values of   0,  for k	 1, 2, . . . , r if inequality 19 holds. Note thatk k M
 4 0 as    for any k 1, 2, . . . , r . By Definition 2, the proof isk M
completed.
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Ž . Ž .Remark 2. It is easy to see that both condition 8 and condition 18
require A to be Hurwitzian, otherwise, they never hold. In addition, by0
Ž . Ž . TLemma 1, condition 8 and condition 18 imply that PA  A P0 0
r Ž T . T r Ž T .Ý PA  A P 2P and PA  A P  Ý PA  A P 	k	1 k k 0 0 k	1 k k
Q 0, respectively. These are the well-known stability criteria for the
corresponding linear time-invariant system with  	 0 for all k	k
1, 2, . . . , r.
 Remark 3. Following 6 , the existing asymptotic stability criteria in the
Žliterature can be classified into delay-independent ones no information on
. Ž .the delay size and delay-dependent ones including such information .
Ž .Obviously, condition 18 established in Theorem 2 is a delay-independent
Ž .result and condition 8 in Theorem 1 is a delay-dependent result. How-
Ž .ever, it should be noted that condition 8 does not depend on any
 .  0,  except for the upper bounds  of the delays.k k M k M
 Remark 4. According to 28, 29 and Lemma 1, it is easy to see that the
Ž . Ž .stability criteria 8 and 18 established above are equivalent to the
feasibility of the LMI problems
PA   AT  P2P , P 0Ž . Ž .
20Ž .   k M k M½e    e , k	 1, 2, . . . , rk
and
PA   AT  P 0, P 0Ž . Ž .
21Ž .½1   1, k	 1, 2, . . . , r ,k
respectively, where  0 and   0 for k	 1, 2, . . . , r are given con-k M
Ž . rstants, A  	 A Ý  A denotes an affine parameter-dependent0 k	1 k k
matrix in the variables  for k	 1, 2, . . . , r, and P 0 Rnn is thek
Ž . Ž .tuning parameter matrix. The feasibility problems 20 and 21 can be
solved easily by using the corresponding programs in MATLAB LMI
  Ž .Toolbox 29 . For example, condition 20 with given  0 and   0k M
for k	 1, 2, . . . , r can be checked by using the function ‘‘decay’’ in
  Ž .MATLAB LMI Toolbox 29, Chap. 9, p. 10 and condition 21 can be
checked by using the function ‘‘quadstab’’ in MATLAB LMI Toolbox 29,
Chap. 9, p. 104 . Therefore, the established stability criteria are very easy
to use in applications. In addition, some optimisation problems can also be
solved easily by using MATLAB LMI Toolbox. For example,
Ž . Ž .i for given   0 for k	 1, 2, . . . , r in 20 , we can use thek M
function ‘‘decay’’ to find the largest decay degree   0 in an iterativemax
way from an appropriate initial   0; and0
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Ž . Ž .  k M ii for given  0 in 20 , we can let  	 e for k	 1, 2, . . . , rk M
and use the function ‘‘quadstab’’ to compute the delay upper bounds
Ž . 	 1 ln  for k	 1, 2, . . . , r providing the guaranteed decayk M k M
 degree  0 by dilatation of parameter box  , for k	k M k M
 1, 2, . . . , r ; see 29, Chap. 3, pp. 56 and Chap. 9, p. 104 .
Two optimisation examples for the case of n	 2 and r	 2 have been
 developed by the author in 27 .
Ž .Remark 5. Let n	 1 for system 1 . Then, A  R for k	 0, 1, . . . , rk
Ž .are constant scalars. For this case, it is easy to see that condition 8 and
Ž . r  k M    r  condition 18 become A Ý e A  and A Ý A 0 k	1 k 0 k	1 k
r  0, respectively. In addition, it is easy to prove that A Ý A  0 is0 k	1 k
not only sufficient but also necessary for delay-independent asymptotic
 stability; also see 810 .
Ž .Remark 6. For delay-independent asymptotic stability of system 1
 .with constant delays:   0, , k	 1, 2, . . . , r, the following stabilityk
 condition was reported in 15; 28, p. 144 ,
r
TPA  A P S PA  PAÝ0 0 k 1 r
k	1
TA P S 0  0, 22Ž .1 1
. .. .. .
TA P 0 Sr r
where P 0 Rnn and S  0 Rnn for all k	 1, 2, . . . , r. By usingk
  Ž .the standard Schur complement 28 , condition 22 can be rewritten as the
equivalent one
r
T 1 TPA  A P S  PA S A P  0. 23Ž .Ž .Ý0 0 k k k k
k	1
Ž . Ž . Ž .Let x t denote the solution of system 1 . By Lemma 2 and condition 23 ,
it is easy to obtain
r
Tx t T   T x tŽ . Ž .Ý0 kž /
k	1 m
r
T 1 T x t T  S  PA S A P x t  0,Ž . Ž .Ž .Ý0 k k k k
k	1

m	 1, 2, . . . , 2 r 24Ž .
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for any symmetric and positive definite matrices S  0 Rnn for k	k
T Ž r .1, 2, . . . , r, where T 	 PA  A P for k	 0, 1, . . . , r and Ý  Tk k k k	1 k m
for m	 1, 2, . . . , 2 r denotes all 2 r possible cases of alternating sign.
Ž . Ž . Ž .Obviously, from 22  24 , condition 18 established in Theorem 2 is
Ž .better than condition 22 . This implies that the freedom degrees intro-
duced by S  0 Rnn for k	 1, 2, . . . , r are unnecessary. In otherk
Ž . Ž .words, condition 18 improves condition 22 and at the same time,
simplifies it for computation.
4. CONCLUSION
Two new asymptotic stability criteria for linear time-invariant systems
with multiple delays have been established in this paper by using a
quadratic inequality lemma together with frequency-domain techniques.
One is for delay-dependent -stability and another is for delay-indepen-
dent asymptotic stability. Each of them has only one tuning parameter
matrix P 0 as the Lyapunov-type stability criteria for the corresponding
linear time-invariant systems without delays do. Both of the established
stability criteria are given in the form of LMI problems and hence are very
easy to use in applications. It has been remarked that the established
delay-independent asymptotic stability criterion with one tuning parameter
matrix P 0 improves and simplifies the existing criterion with more than
one tuning parameter matrix in the literature.
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